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Abstract. This paper is concerned with a scalar nonlinear convolution equa- 
tion which appears naturally in the theory of traveling waves for monostablc 
evolution models. First, we prove that each bounded positive solution of the 
convolution equation should either be asymptotically separated from zero or 
it should converge (exponentially) to zero. This dichotomy principle is then 
used to establish a general theorem guaranteeing the uniform persistence and 
existence of semi-wavefront solutions to the convolution equation. Finally, we 
apply our abstract results to several well-studied classes of evolution equations 
with asymmetric non-local and non-monotone response. We show that, con- 
trary to the symmetric case, these equations can possess at the same time the 
stationary, the expansion and the extinction waves. 

1. Introduction and main results. In this paper, we continue to study the 
nonlinear scalar convolution equation 



introduced in [1]. Here (X, fi) is a finite measure space, an appropriate kernel 
K(s, t) > is integrablc onMxI with J m K(s, r)ds > 0, t £ X, while measurable 
g : W.+ x X —> R_|_, ,g(0,r) = 0, is continuous in </> for every fixed r £ X and there 
exists g'(0,r) > 0. Our goal here is to establish a satisfactory criterion for the 
existence of semi-wavefronts (i.e. positive, bounded, and vanishing at either +oo or 
— oo solutions) to (1). Then in Section 5 we will apply this criterion to two non-local 
and asymmetric monostablc evolution equations. In this way, we develop further 
some ideas from [19]. It should be noted that equation (1) is one of valid general 
forms for the description of traveling wave profiles. Other similar yet non-equivalent 
functional equations can be found in [2, 5, 6, 17, 21, 22]. 
It was shown in [1] that the characteristic function 



Jx Jm 

plays a key role in the investigation of equation (1). In particular, the following 
holds (see [1, Theorem 2]): 
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Proposition 1. Assume %(0) < 0. Let : R — > [0, +oo) be a bounded solution to 
equation (1). If 0(— oo) = and 0(f) ^ 0, t < t' for each fixed t' , then x( z ) * s well 
defined and has a zero on some non- degenerate interval (0, 7] . 

And as we will prove below under the additional mild conditions 
(C): For each S > there is a measurable Cs(t) > such that 



(P): Bounded solution 0(f) > of (1) vanishes at some point only if 0(f) = 0, 
the conclusion of Proposition 1 remains true even if we replace assumption </>(— 00) = 
by a weaker liminft-y-oo 0(f) = 0. Moreover, in Theorem 1.2 below we prove 
the equivalence of these two properties for solutions of equation (1). In view of 
Theorem 1 and Lemma 3 from [1], this result has the following nice consequence: 
under a few natural restrictions on K, g, each bounded positive solution with 
liminf t _ i ._ 00 0(f) = converges exponentially to zero at —00. 

Note that assumption (P) can be easily checked due to 

Lemma 1.1. Assume that there are X C X, fi(X) > 0, and a measurable A : 
X — > (0, +00) such that r G X implies (i) g(u,r) — if and only if u = 0; (ii) 
K(s, r) > for all s G {-A(r), A(t)) =: I T . Then 0(0) = implies <p(t) = 0. 

Proof. Suppose that = (f>(0) = J x dfx(T) f R K(s,T)g(cj>(—s),T)ds. Then we have 
K (s,T)g (4>(— s),t) = almost everywhere on X x R. Hence, for some To € X, we 
obtain that g(4>(— s),tq) = for all s E I T0 . Thus <f>{~s) = 0, s € I T0 . Similarly, if 
</>(to) = for some t € R, then cf>(t) = for all t in an open neighborhood of t . 
In consequence, the set of zeros of continuous is open and closed, and we may 
conclude that = 0. □ 

We are ready to state our first main result: 

Theorem 1.2. Assume (C), (P) with x(0) < 0. Then the following dichotomy 
holds for each bounded solution <p(t) > of (1): either liminf t _ i .-)_ 00 0(f) > or 
0(+oo) = 0. The similar alternative is also valid at —00. 

An easy combination of results from Proposition 1 and Theorem 1.2 leads to 

Corollary 1. If x( z ) does not have any positive [negative] zero and is a positive 
bounded solution of (1), then liminf 0(f) > [respectively, liminf0(t) > 0/. As 

t— ¥ — OO t— > + 00 

a consequence, equation (1) can not have positive pulse solutions (i.e. solutions 
satisfying 0(— 00) = 0(+oo) = 0^. 

Proof. Since x(0) < an d X is concave on its maximal domain of definition, all real 
zeros of \ should be of the same sign (if they exist). □ 

Let oj denote either +00 or —00. By Corollary 1, we have the following point-wise 
persistence property: for each bounded positive solution 0(t) of Eq. (1) satisfying 
0(— lj) = there is some 5(0) > such that liminft-^ 0(t) > 6(<fi). This fact 
allowed us to exclude the latter inequality from the definition of semi-wavefronts 
(cf. with boundary conditions (1.6) in [3]). Now, in order to prove the uniform 
persistence (this means that the above mentioned <5(0) can be chosen independent 
of 0) as well as the existence of solutions to equation (1), we will impose additional 
conditions on its nonlinearity: 
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(N): Nl. There exists to <G X, //(to) = 1, such that g(v,r) increases in v for 

each fixed t =/= tq and g(v, tq) > 0, u > 0. Consider the monotone function 

g(v) := / g{v,T)dn(r) / K(s,r)ds. 
Jx\{t } Jr 

N2. There exists (2 > such that 0(f) := u — g(v) is strictly increasing on 
[0, C2], and 0(C2) > Cmax tl >o3(w,T ) where G := J R K(s,T )ds. 

Set G(v) := Q^iCgiv, r )). It is clear that G(0) = 0, < G(v) < ( 2 , v > 0, and 
that the graphs of G(v) and g{v,To) have similar geometrical shapes. In particular, 
they share the same critical points. 




y= s 



y=G(s) 



Figure 1. Nonlincarity G under hypotheses (N) and y(0) < 0. 

If <f{t) = c is a constant solution of (1), then c = G(c) because of the relation 

c = g( c ) + g(c, T o) / K(s, r )ds = g(c) + Cg(c, r ) = c - 6(c) + Cg(c, r ). 
it 

Several additional important properties of G are listed below: 

Lemma 1.3. Let x(0) < and (C), (N) hold. Then, for some Ci G (0,(2), 

1. G £ C(R_|_ , ) is positive for s > and i/iere exists G'(0+) > 1; 

«. G([Ci,C 2 ]) C [d,Ca] andG(M + ) C [0,C 2 ]/ 

5. min se [ CliC2 ] G(s) = G{(i) while G(s) > s for s g (0, Ci]- 

Proof. Let us show, for instance, that G'(0+) > 1. In view of (C), this derivative 
exists and is equal to Cg'(0, t )/(1 - g'(0)). Thus G'(0) > 1 if and only if y(0) < 0. 
Observe that g'(0+) < 1 since 0'(O+) > and we do not exclude the case G'(0+) = 
+00. □ 

Using the above framework, we can improve conclusions of Theorem 1.2: 

Theorem 1.4. Assume (N) along with all conditions of Theorem 1.2 and take 
Ci > as in Lemma 1.3. Let <j) be a positive bounded solution of equation (1). Lf 
m = inf sS R(/)(s) < Ci then \\m t -+u 4>{i) = and liminfj-,.-^ <fi(t) > (1 for some 
U) g {—00, +00}. 
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Our third result can be considered as a further development of Theorem 6.1 
from [5] which was proved for a single-point space X and under more restrictive 
conditions on the nonlinearity g: 

Theorem 1.5. Assume (N), that G'(0) is finite and that g(s,r) < g'(0,T)s for all 
s > 0, r G X. Ifx(z), x(0) < 0, is defined and changes its sign on some open interval 
(0, <D) [respectively, on (— Q, 0)J, then equation (1) has at least one semi-wavefront, 
with ip(-oo) = 0, sup sgR </j(s) < £2 and lim inf t _j. +00 (p(t) > Ci [respectively, with 
ip(+oo) = 0, liminft^-oo (p(t) > fi/. Moreover, if equation G(s) = s has exactly 
two solutions and k on R + , and the point k is globally attracting with respect to 
the map G : (0, C2] — > (0, C2] then <^(+oo) = k. 

Remark 1. It is worth noting that the existence of g'(0,r) (and consequently 
of G'(0)) is not at all obligatory for the existence of semi-wavefronts. Indeed, 
suppose that there is a measurable Z(r) satisfying g(s, r) < l(r)s, s > 0, and consider 
associated characteristics 

Xi(z) := 1- / / K{8,T)l(T)dn(T)e-"d8, g[ := f [ K(s,r)l(r)dfx(T)ds. 
JxJm Jx\{t }Jr 

We assume also that (N) holds, G possesses the second and the third properties 
of Lemma 1.3, and g[ < 1 (this generalizes assumption G"(0) G R). Then all 
conclusions of Theorem 1.5 remain valid if we replace in its formulation \ with xi- 
See the second part of Section 4 for more details. 

The paper is organized as follows. In Section 2, we prove the dichotomy principle. 
The first part of Section 3 shows how to avoid possible troubles with unbounded 
solutions of the convolution equation. The second part of the same section presents 
a short proof of the uniform persistence property. These preliminary results are 
essential for proving the existence theorem in Section 4. Finally, several applications 
are considered in the last section of the paper. Associated characteristic equation 
is analyzed in Appendix. 

2. The proof of the dichotomy principle (Theorem 1.2). 

1. Let (f>(t) be a bounded solution of (1). It is easy to see that <f>(t) is uniformly 
continuous on R. Indeed, setting 5 = \4>\oo, we find that 

m + h)-m\< I dn{r) f \K(s + h,T)-K(s,T)\g(cl>(t-s),T)ds 
Jx Jm 

<\4>\oo [ C s {T)d^{T) f \K(s + h,T)-K(s,T)\ds=: Woocsih), 

JX JR 

where lim^o o~g(h) = because of the continuity of translation in Li(R) and the 
Lebesgue's dominated convergence theorem. 

2. Next we prove an analog of Proposition 1 when <^>(+oo) = and </> is bounded 
and positive. We have 

4>(-t)= / dfi(r) / K{s,r)g{(f){-t- s),r)ds, t G R. 
Jx Js. 

Set i[)(t) := 4>(-t), then t/>(-oo) = and 

V(i)= I dn(f) [ K(-s,r)g(tP(t-s),r)ds. (2) 
Jx Js. 
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Let x( z ) [xi( z )] be characteristic equation for Eq. (1) [Eq. (2), respectively]. We 
have 



X i(z) = 1- K(-s,T)g'(0,T)d[i(T)e- sz ds 
Jx Jr 

= 1- f f K(s,T)g'(0,T)dn(T)e sz d S = x(-z) 



JR J X 

and thus xi(0) = x(0) < 0. By Proposition 1, Xi{ z ) has at least one positive root. 
Therefore \{z) has at least one negative zero. 

3. Now, let suppose that limsup t _ J . +OC) <p(t) — S > and liminft^+oo <p(t) = 0. 
Since x(0) < and x is concave on its maximal domain of definition, all real zeros 
of x should be of the same sign (if they exist). Suppose that x does not have any 
real negative [respectively, positive] root. For a fixed j > S^ 1 there exists a sequence 
of intervals [pi,<?;], limp, = +oo, such that <f>(j>i) = l/j, lim0(<&) = [respectively, 
<K%) = lim^fe) = 0] and </>(t) < l/j, t g [p^ft] . Note that limsup i _ j . +00 (g i - 
Pi) = +oo. Indeed, otherwise we can suppose that \im i _^ +00 (q i — p,) = a > 0. By 
the pre-compactness of {4>{t + s);s £ R} in the compact-open topology of C(M), 
the sequence lUj(i) := 0(t + Pi) [respectively, w;(i) := (f>{t + qi)\ of solutions to 
Eq. (1) contains a subsequence converging to a non- negative bounded function 
w*{t) such that w*(0) = l/j, w*(cr)w*(— a) = 0. Since, due to the Lebesgue's 
dominated convergence theorem, w*(t) satisfies (1) as well, this contradicts to (P). 
Thus <7j — pi — > +oo and we can suppose that Wi(t) has a subsequence converging 
to a bounded positive solution w*(t) of (1) satisfying < w*(t) < l/j for all 
t > [respectively, for all t < 0]. Since w*(+oo) = [respectively, 00) = 0] is 
impossible due to Proposition 1 and the second step of the proof, we conclude that 
< S* = limsup t _ >+oc w*(t) < l/j [respectively, < S* = limsup t ^_ 00 w*(t) < 
l/j]. Let n — > +00 [respectively, n —> —00] be such that w*(ri) —> S*, then w*(t+n) 
has a subsequence converging to a positive solution Q : R — >• [0, l/j] of (1) such 
that max teK £.,■(£) = 0(0) = S* < l/j. Now, let us consider yj(t) = Ci(*)/0(0)- 
Each j/j satisfies 

= / d/z(r) / K(s,T)aj(t-s,r)yj(t-s)ds, (3) 
ji Jr 

where aj(t,r) = g{Q(t),T)/Q(t). We claim that {%(£)} has a subsequence con- 
verging to a continuous solution : M — > [0, 1], y*(0) = 1, of equation 

V*(t)= [ g'{0,T)dfi(r) [ K(s,T)y*(t-s)ds. (4) 
Jx Jr 

Indeed, the sequence {j/j(£)}£fi is equicontinuous because of 

\yj(t + h)- yj (t)\ < / d/i(r) / a j (t-s)y j (t-s)\K(s + h,T)-K(s,T)\ds 
Jx Jw 

< / d/J,(r) / aj(< - s)\K(s + /i,r) - A"(s,r)|ds < ai(h), 
Jx Jr 

where (7,5 was defined on step 1. In addition, 

K(s,T)ctj(t- s,T)yj(t- s)ds < Ci(r) / K(s,T)ds g Lipf), 

so that, by the Lebesgue's dominated convergence theorem, we can pass to the limit 
(as j — > 00) in (3). Hence, our claim is proved. 
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4. The proof of Theorem 1.2 will be finalized, if we show that (4) cannot have 
any nontrivial continuous solution y* > 0. Since 

g'{0,T)dfj,(r) ( K{s,r)ds > 1 



IX JR 

there exists N > such that 

•N 



p:= [ g'{Q,T)dn(r) f K(s,T)ds > 1. 

JX J-N 



X J-N 

Integrating equation (4) between t' and t > t', we obtain 

r r-N r-t 

y*(v)dv > / </(0, r)d/z(r) / K(s,t) / y*(v — s)dvds 

Jx J-N Jt' 

pN r-t' r-t r-t — S 

g'(p,T)dn(T) K(s,t)( +/+/ )y,(v)dvds, 



X J-N 



from which 



^ 2j x J N N \ S \K( Sl T)g'(0,T)d S dpt(T) 

y*(V)dv < nN — — ; ; ; -, t < t. 



J x J^ N K(s,r)g'(0,T)dsdKr)-l 

Therefore y* G Li(M). Now we easily get a contradiction by integrating (4) over 
the real line: 



< / y*(v)dv 



5 '(0,r)d/i(r) / K(s, T )ds 



x 



y*(v)dv. 



Hence, the dichotomy principle of Theorem 1.2 is established at +oo. The other case 
can be reduced to the previous one by doing the change of variables ip(t) := 4>{—t) 
and considering equation (2) with xi instead of (1) with \- D 

3. The uniform permanence property. 

3.1. The uniform boundedness of solutions. It should be noted that, in gen- 
eral, equation (1) might have unbounded continuous solutions. Corresponding ex- 
amples can be constructed by taking appropriate linear g(u, r). Nevertheless, as we 
show in the continuation, with conditions (N) and x(0) < being assumed, it is 
easy to avoid eventual troubles with unbounded solutions in the following two ways: 
Modification of the convolution equation. Consider 

g(u,r) = mm{g(u,T), g(( 2 ,T)}, r ^ to, g(u,T ) := g(u,r ) 

and 



g( v ) = / g( v , T )dK T ) I K(s,r)ds. 
Jx\{t„} Jr. 

Then 0(s) := s — g(s) is a strictly increasing function. Indeed, 0(s) = 0(s), 
< s < (2, and we know that 0(s) strictly increases in [0, £2]- Furthermore, for 
s > C2, we have 0(s) = s — g(s) = s — g(C 2 ) where g(C 2 ) is a constant. Hence 
0(s) is strictly increasing on R + . If we set G(v) = Q (Cg(v, To)), we find that 
G(v) = G(v) < C2 for v > 0. 

Let us consider now a modified convolution equation 

0(t) = J dfi{T) J K(s, T)g(4>(t - s),T)ds. 
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Each its solution <fi(t) is bounded; 

m < ff(Ca) + Cmax^ro) < g(C 2 ) + 0(C 2 ) = Ca- 

v>0 

The latter estimate assures that <j>(t) simultaneously satisfies (1). 
Subexponential solutions. Assume additionally that 

g(u,r) < g'(0,T)u, u>0, for each r 7^ tq. (5) 
If, for some A > 0, satisfies (1) and 0(f) < Se xt ,t e K, then 



dfx(T) K(s,T)g'(0,T)cf>(t-s)ds + p (6) 

•/X\{t } 

where p := sup tl>0 To) J R K(s,To)ds < 0(C2)- Suppose, in addition, that 

d/i(r) / /^(s,r). 9 '(0,r)e- As (is < 1 

X\{r } JR 

and 7 := f x \{ T0 }^( T ) Jr ^( s i T").g'(0, r)ds < 1. The first inequality holds auto- 
matically if x(A) = because of L if (s, t )<7'(0, To)e~ Xs ds > 0. Similarly, since 
7 = ,g'(0), the second inequality holds whenever G'(Q+) is finite. 

Lemma 3.1. If (5) holds, xW = arl ^ G'(0) is a /mite number then each solution 
0(f) < 5e xt of (1) is bounded. In fact, 

< 0(f) < min{C2,sup g (u,T ) fJ°\ }, t e R. 
„> 9 (0, to) 

Proof. Using 0(f) < Se xt in (6) and arguing by induction, we find that 

0(f) < 5e xt 9 n + p + p 7 + p 7 2 + . . . + P1 n - 

Then, by passing to the limit as n — > 00, we obtain the required estimate. We recall 
here that 7 = g'(0), G'(0) = Cg'(0, r )/(l - g'(0)) and C = J R K{s,T )ds. The 
inequality 0(f) < £2 follows from Lemma 3.2 proved in continuation. □ 

3.2. The proof of the uniform persistence (Theorem 1.4). Let a bounded 
positive solution of the equation (1). Set 

< to := inf 0(f) < sup 0(f) =: M < +00. 
*e R teR 

Lemma 3.2. [to, M] C G([to, M]). 

Proof. Let {tj} be such that Mj := <f)(tj) M. Wc have 
4>{tj) = Mj < I max g{v,T)dp{r) J K(s,r)ds 

J x velm,M] J M 

= max / g{v,T)dp{r) I K(s,r)ds+ max g(v,To) I K(s,T )ds 

ve[m,M] Jx\{ro} JR ve[m,M] J R 



= g{M) + max g(v, to) / K(s,To)ds. 

v£[m,M] J R 

Thus M < max„ 6 [ m u] G(w). Similarly, to > mm„ e [ m .M] G(i>). □ 
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Now, assumption (N), G"(0) > 1 and m < Ci yield m = 0, cf. Fig. 1. Hence, due 
to the positivity of (f>(t), there exists u> G {— oo, +00} such that liminft-^ </>(t) = 0. 
Then, applying Theorem 1.2 and Corollary 1, we find that 4>(uj) = and (i := 
liminf t ^_ w <p(t) > 0. Making use of our standard limiting solution argument, we 
see that, for some tj — > — uj, the sequence 4>(t+tj) is converging in the compact-open 
topology of C(R) to some function 4>i(t), fi := inftgK <f>\ (t) < sup tgM </>i (i) < M 
solving equation (1). By Lemma 3.2, we have [/i, M] C G([[i,M}) which implies 

A*>Ci- □ 

Remark 2. The last argument in the proof of Lemma 3.2 shows also that [m', M'\ C 
G([m', M']), where ml := lim inft-s.^ <p(t) < limsup^^ <j)(t) =: M' and uj G {—00, +00}. 

4. The proof of the existence. Throughout all this section, we are assuming 
that (N) holds, x(0) < and 

g(s,r)< g'(0,T)s for all s > 0, t G X. (7) 

1. For a moment, let us suppose additionally that 

(L) g : (0,oo) x X — »• (0, +00) is bounded and uniformly linear in some right 
neighborhood of the origin: g(s, r) = g'(0, r)s, s G [0, 8), r G X. 

Let A G (0,ui) be the leftmost positive solution of equation x{ z ) — 0, and set 

X := G C(R,M) : ||<^|| = supe-°- 5As |<^(s)| +supe- l/s |v 3 (s)| < +00}; 

s<0 s>0 

where e > and v := A + e < Q are such that x{ v ) > 0. We want to prove the 
existence of fixed points ip, tp G .ft, sup sgK < +00, to the operator 

^(t)= / dfi{T) I K{s,T)g{p{t-s),T)ds. 

JX JR 

A formal linearization of A along the trivial steady state is given by 

L<p(t)= / d^(r) / K(s,T)g'(0,T)(p(t- s)ds. 
Jx Jr 



We have that L(jj + {t) = / d^r) K{s,T)g'{Q,T)5e x( - t - s ' ) ds 

Jx Jr 

= 5e xt [ g'(0,T)d^(T) [ K(s,T)e- Xs ds = Se xt = <j>+(t). 



x 



On the other hand, L<j> (t) > <f> (i), t G M. Indeed, we have, for a fixed t < 0, 

//•+00 
d//(r) y K(s, r) 5 '(0, T)(e A ( 4 ~ s ) - e^-^Jds 

> / dfi(r) { X(s,r) 5 '(0,T)(e A ( t - s ) - e u ^)ds 



JX JR 

= e At - e vt (l - X (v)) = e xt - e ui + e vt X {v) > e xt - e vt = <TV~ (i). 

Lemma 4.1. .ft is a closed, bounded, convex subset of X and A : .ft — > .ft is a 
completely continuous map. 
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Proof. It is clear that A is a closed, bounded, convex subset of X. To prove that 
A(K) C M., we observe first that, for ip G j?, 

_4</?(t) < / dfj,{r) / A'(s, r).g'(0, r)ip(t ~ s)ds = Ltp(t) < L(f> + (t.) = 4> + {t). 
Jx Jr 

Next, if for some u we have that < 4>~{u) < (f(u), then u < so that tp(u) < 
Se Xu < S, which implies that g((p(u),T) = g'(0, r)ip(u). If0~(u) = then g(ip(u), r) > 
g'(0, r)<p~ (u) = 0. In either case, 

A<p(t) > / dv(r) K(s,T)g'(0,T)(j>~(t-s)ds = Lcl>-(t)> <f>~(t). 
Jx Jr 

Now, we claim that A& is a precompact subset of K. Indeed, the convergence in & 
is the uniform convergence on compact subsets of R. On the other hand, the set 
of functions from AM. restricted on every fixed compact interval [— k, k] is obviously 
uniformly bounded and is also equicontinuous in virtue of the estimation (uniform 
with respect to t G [-k, k],<f) G \A(j>(t + h) - A<j>(t)\ < 

Se xk I g'(0,T)dfJ,(T) [ \K(s + h,r) - K{s,T)\e- Xs ds -> 0, h -> 0. (8) 
Jx Jr 

Finally, the continuity of A in R can be easily established by using the dominated 
convergence theorem and the compactness property of A. □ 

Then Lemmas 3.1, 3.2, 4.1 and the Schaudcr's fixed point theorem yields 

Theorem 4.2. Assume (L) and let X be the leftmost positive zero of \- Then A has 
at least one fixed point <f> in M.. If G'(0) is a finite number then \4>\oc '■= sup sg ^ 4>{s) 
is also finite and \4>\oo < (,2- Moreover, if the point k is globally attracting with 
respect to the map G : (0, £2] ~~ ^ (0, C2] then </>(+oo) = k. 

It should be noted that the last statement of this theorem is a straightforward 
consequence of Remark 2 (see also [11] where various conditions assuring the global 
stability property of G are given). 

2. Next we show how to reduce the general situation to the case studied in the 
first part of this section. Consider the sequence of measurable functions 

<?'(0,t)s, for s G [0,1/n], 

max{(/(0, T")/n, g(s, r)}, when s > 1/n, 

all of them continuous in s for each fixed r and satisfying hypothesis (L) with 
S = 1/n. Note that 7 n (s, t) converges uniformly to g(s,r) on M + for every fixed r. 
Next, set X' := X\ {tq} and consider continuous increasing functions 

g n (v) := / 7„(u,r)d/x(r) / K(s,r)ds, n= 1,2,3... 

Since 7 n +i(s, r) < 7 n (s,r), n = 1, 2, 3 . . . , the sequence is monotone. Now, for 
each fixed u > 0, we have that lim„_j. +00 g n (v) = g(v) where g was defined in N2. 
Observe that g is also continuous and therefore, by Dini's monotone convergence 
theorem, g n converges to g uniformly on compacts. 

Lemma 4.3. Let G'(0) > 1 be a finite number. Then Q n (v) := v — g n (v) is 
strictly increasing in v. Furthermore, G n (v) := Q~ 1 (C'y n (v,To)) converges to G(v) 
uniformly on [O,^] and G' n (0) = G'(0) > 1. Finally, equation G n (c) = c does not 
have solutions on (0, 



ln{s,r) := 
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Proof. Set w(t) := j R K(s,T)ds. Since G'(0) is finite, we have that 
fl'(0) = I 5'(0,T)^(r)d/i(r) < 1. 



JX' 

Now, if v € [0, 1/n] then <7„(v) = g'(0)v and therefore g n (^2) — 9n{v\) = ff'(0)(v2 
t>i) < ^2 — for < v x < V2 < 1/n. 

Next, for 1/n < v x < V2 we consider the following measurable subsets of X': 

A 3 : lr V: g( Vj ,r) < t^A X , : (- e X' : g( Vj ,r) > ^ 



Clearly, Bj = X' \ A jt A 2 cA x ,B x C B 2 and B 2 \ B x = A x \ A 2 . We have 

9n{v 2 ) - g n {vi) = j (g(V2,T) - 9 ■ )w(T)dfJ,(T) + 

Jb 2 \b 1 n 

(g(v 2 ,r) - g{vi,T))w{T)dfi{T) < I [g(v 2 ,r) - g(v U T))w(r)dfJ,(T) < 

Jb 2 



(g(v2,r) - g(vi,T))w(T)dfi(T) =g(v 2 )-g(vi) <v 2 -v x . 

X' 

Finally, consider v x < 1/n < V 2 . Then 

g n (v 2 )-g n (vi) = gn(v 2 )-g n (l/n)+gn(l/n)-g n (vi) < v 2 -l/n+l/n-v x = v 2 -v x . 

This proves that 0„ are strictly increasing. Moreover, since clearly 0„(C2) > 
max s >o C^/ n (v, r ) for all large n, the functions G n are well defined. The second 
conclusion of the lemma follows now immediately from the uniform convergence 
properties of the sequences {%i(v,t )}, {g n (v)}. Note also that G„(v) = G'(0)v in 
some small neighborhood U n of v = 0. Finally, to prove the last conclusion of the 
lemma, we observe that G n (c) — c implies 



7„(c,r)iy(r)d/i(r) > / g(c, r)iu(r)d/i(r) = g{c) + g(c, T )w(r ). 
x Jx 

In this way, 0(c) > g(c,T n )w(T ) so that c > G(c). Since G(s) > s on [0, Ci] (see 
Lemma 1.3.3), we conclude that also G„(s) > s for s £ [0, Ci]- □ 

Corollary 2. For all sufficiently large n, and with the same £ x and £2 as in Lemma 
1.3, each G n possesses all three properties listed in Lemma 1.3. 

Hence, for each large n, Corollary 2, Theorems 4.2 and 1.4 guarantee the existence 
of a positive continuous function <p n (t) such that (/?„(— 00) = 0, liminft^+oo (p n (t) > 
Ci, <pn(t) <(i,te R, and 

<Pn(t) = / dn(r) / K(s,T)j n ((p n (t - s),r)ds. 
Jx Jr 

Since the shifted functions if n {s + a) satisfy the same integral equation, we can 
assume that ip n (0) = 0.5Ci- Furthermore, similarly to (8) we can show that the se- 
quence {</9 n } is equicontinuous on R. Consequently there exists a subsequence {<p nj } 
which converges uniformly on compacts to some bounded element 4> G C(R, R). By 
the Lebesgue's dominated convergence theorem, (f> satisfies equation (1). Finally, 
notice that 0(0) = 0.5Ci and thus (f>(— 00) = and liminf t _s. +00 4>(t) > ( x (by Theo- 
rem 1.4). This finalizes the proof of Theorem 4.2 when x{ z ) nas a positive zero. Its 
statement for x( z ) having a negative zero is immediate after the change of variables 

m = 0(-t). □ 
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5. Applications. 

5.1. Co-existence of expansion and extinction waves in evolution equa- 
tions with asymmetric non-local response [1, 10, 13, 15, 18, 19]. 

Here we complement studies [1, 18, 19] concerning positive bounded wavefronts 
u(x, t) = 4>(x + ct) for the non-local delayed reaction-diffusion equation 

u t (t, x) = u xx {t, x) - f(u(t, xj) + / K(x - y)g(u(t - h, y))dy, u>0, (9) 

Jr 

where 

(J 7 ) locally Lipschitzian function f : R + — > R + ,/'(0) > /(0) = <?(0) = 0, is 
strictly increasing and /(+oo) > sup s>0 g(s). In addition, /'(0) < g'(0) < +oo and 
g(t) > 0, t > 0. Kernel K > is normalized by L K(s)ds = 1. 

We admit spatial asymmetry of equation (9) by considering non-even kernels. 
Due to this circumstance, the concept of wavefront needs some clarification. Indeed, 
in the symmetric case, the following two equivalent definitions have been commonly 
used: 1) wavefront u(x,t) = 4>{x — ct) is a positive classical solution of (9) satisfying 
4>(—oo) = k, </>(+oo) = 0, e.g. see [3, 12]; 2) wavefront u(x,t) = ip{x + ct) is a 
positive classical solution satisfying ip[—oo) = 0, ip{-\-oo) = k, e.g. see [10, 18]. If 
K(s) = K(—s), both definitions define the same object since wavefront <fi(x — ct) 
generates wavefront ip(x + ct) := (f>{—(x + ct)). Moreover, the propagation speed 
c should be positive in each of the above definitions if K is an even function. 
Therefore, from the biological point of view the both type of wavefronts can be 
interpreted as the expansion fronts: they converge to the positive equilibrium at 
each fixed position iasM +oo. 

Taking into account the above discussion, we will use more general definition 
adapted to the possible asymmetry K: Bounded positive classical solution u{x, t) = 
4>(x + ct) of equation (9) is a semi-wavefront if either <f>(— oo) = or (j>(+oo) = 0. 
The prefix semi means here that, contrary to the wavefronts, the convergence of cj>(t) 
at the complementary end of M is not mandatory. It is clear that u(x, t) = <p(x + ct) 
is a semi-wavefront if and only if <j>(£) is a positive bounded C 2 — solution of the 
integro-differential equation 

y"(t) - cy'(t) - f(y(t)) + f K(s)g(y(t - s - ch))ds = 0, (10) 



which vanishes either at — oo or at +oo. By abusing the notation, we still call such 
a solution y = (f>(t) a semi-wavefront. Equation (10) can be written as 

y"(t) - cy'{t) - (3y(t) + f p {y{t)) + / k h (w)g(y(t ~ w))dw = 0, t G R, 



where kh{w) = K{w — ch) and fp{s) = /3s — f(s) for some (3 > 0. Then the wave 
profile <t> solves the equation 

4>{t) - (J e^- s \g<f){s)ds + jf ° C ' e^- s \Q4>){s)ds^j , 

where er(c) = y/ c 2 + 4/3, v < < [i are the roots of z 2 — cz — (3 = and (G<fi)(t) := 
kh(s)g((f)(t — s))ds + fg((j)(t)), e.g. sec [1]. In other words, 

<f>(t) = (K*k h )*g(<l>)(t)+K*fp{<f>)(t), 
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where K,(s) = e vs /a(c) for s > 0, K.(s) = e fls /a(c) for s < 0, and consequently 
J m IC(s)ds — 1/(3. We may invoke now Theorems 1.4, 1.5 where X = {tq : t{\ and 

»Y, ^ _ / (£**&)(*), T = T , , , _ f ff(s), T = T , 

£(*), T = T1, fflS ' rj "\ 7" = 71- 

Observe that the functions g(u,Tj), K(s,Tj) meet (N). Indeed, there exists £2 such 
that /(C2) > sup s>0 g(s). Then we can take (3 large enough to have the function 
g(s) = ffi( s )/P = s- f(s)/P increasing on [0, (2]- Next, Q(v) :=v- g(v) = f{v)//3 
is strictly increasing by (J 7 ) and G(s) = f^ 1 (g{s)) is well defined. Finally, 

X(z)= ~ Xl(Z ' C) 2 : where X i (z,c) = z 2 - cz - f(0) + g'(0)e~* ch [ K{s)e-*»ds. 
p + cz — Z J R 

Analyzing the mutual position of real zeros of Xi(z, c) and their dependence on the 
parameter c, we establish in Appendix the existence of two real extended numbers 
c~ < c+ called the critical speeds such that, for every c <G (— oo,c~] U [c+,+00), 
equation xi(A, c) = either (i) has exactly two real roots Ai(c) < Aa(c) or (ii) has 
exactly one real root Ai(c). Furthermore, each Xj(c) is positive if c > c+ and is 
negative if c < c~. If c £ (c~, c+), then Xi{ z , c) > for all admissible z. The critical 
speed c+ [ c~] is finite if and only if xi(A, c) is finite for some A > [respectively, 
with some A < 0]. If the integral in xi diverges for all z > [for all z < 0], we set 
c+ = +00 [respectively, c~ = —00]. 

Remark 3. The above definition of cf generalizes the concept of critical speeds 
c*, c # > from [19]. In particular, c* = c+, c# = c~ if c~ > and c# = 0, c* = 
max{0, c+} if c~ < 0. Thus Theorem 5.1 below gives a global (i.e. including all 
eel) perspective on the existence/persistence results in [19]. 

Applied to equation (10), Theorem 1.5 yields the following extension of [18, 
Theorem 4.2b], [15, Theorem 1.1] and [19, Theorem 4]: 

Theorem 5.1. Assume (T) and g(s) < g'(0)s, f(s) > f'(0)s for all s > 0. 
Then equation (10) has at least one semi- wave front u = <f> c {x + ct) < £2 for 
each c £ (— 00, c~] U [c+,+00). Moreover, if c < c~ then (j) c (+oo) — and 
liminfs-^-oo (f> c (s) > Ci- Similarly, if c > c+ then 4> c {— 00) = andlimmf^+oo <j) c {s) > 
£1. Next, if equation f(s) = g(s) has only two solutions: 0, k, with k being globally 
attracting with respect to the map / _1 o g : (0,(2] — > (0, ^2], then each of these 
semi-wavefronts is in fact a wavefront. 

Proof. For a fixed d £ R \ [c~,c+], this result follows from Theorem 1.5 since the 
equation xi{ z ,d) = has at least one real root in the interior of the domain of 
definition of Xi('i c ')- Now, if d £ {c~, cf} is finite, we obtain a semi-wavefront <p c > 
as a limit of profiles cf) c where cither Cj t c~ or Cj \. cf. See Section 4.2 above or 
[19, Section 6, Case II] for more details. □ 

We observe that each possible mutual position of c~ < c+ and is possible. 
For instance, if K(s) = e'^+P^ /V^n, h = 2, g'(0) = 2 > /'(0) = 1, then 
c+ = — c~ = 0.79 for p = (symmetric case), while c+ = 2.7, c~ = 0.7... for 
p = 5 (asymmetric case). In particular, if p = 5 then equation (10) has at least one 
stationary (i.e. propagating at the velocity c = 0) semi-wavefront. In the case when 
c-Z , cf arc of the same sign, an interesting (by its possible biological interpretation) 
phenomenon occurs: equation (10) can possess the extinction waves. Indeed, if 
< c < c~ then the wave u(x, t) = 4>{x + ct) converges to at each position x 
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as t — > +00. Analogously, for each we have limt_ ! ._ 00 u{x,t) = when the 

velocity c is such that cf < c < 0. As far as we know, this kind of extinction waves 
was for the first time mentioned by K. Schumacher as backward traveling fronts in 
[17, p. 66: Example and Figure 3]. See also [4, 7, 25]. 

Finally, under weaker conditions on g, /, we get from Theorem 1.2 the following 

Theorem 5.2. Assume (T) and let u = <p{x + ct) be a positive bounded solution 
of equation (10) satisfying liminf Ms) = 0. Then cf>{— 00) = 0, the critical speed c+ 

s— 00 

is finite and c > cj ■ A similar result holds when liminf <f>(s) = 0. Hence, equation 

s— > + oo 

(10) does not have neither pulses nor semi-wavefronts propagating at the velocity 

c g (c-,c+). 

5.2. Nonlocal lattice equations [1, 8, 15, 16, 20, 23, 24]. 

Let consider semi-wavefronts Wj(t) = u(j + ct) of the nonlocal lattice equation 

w'jit) = D[w j+1 (t) - 2w 3 (t) + Wj-i(t)] - dw 3 {t) ~ - r)), j € Z, 

where (3(k) > 0, Xfcez = 1- Let ±7± > be extended real numbers such 
that Xfcez P{k)e~ zk converges when z G := (7*, 7^) and is divergent when 
±2 > ±7±. By Cauchy-Hadamard formula, 7^ = — limsup fc _j. +00 A; -1 ln/3(— fe), 
where by convention ln(0) = —00. A similar formula also holds for 7*. The wave 
profile u satisfies 

cu'(x) = D[u{x + 1) + u(x - 1) - 2u(x)] - du(x) + ^ (3(k)g(u(x -k- cr)). (11) 

fcez 

Let us take now c 7^ 0. Then each positive bounded solution u of (11) satisfies (1) 
with X = {tq, ti} and 

I Ekez^C^-fffc+crW, r = n, av [ g(s), r = n, 

H T (t) = | C |- 1 e-^( t - T 'x R+ ((signc)(t - r)), X («,c) := c)(2D + d + cz)~\ 

X(z, c) :=d + 2D + cz- D(e z + e~ z ) - g'{Q)e~ crz ^ j3{k)e~ kz , d + 2D + cz > 0. 

feez 

The following statement can be proved analogously to Lemma 6.1 in Appendix: 

Lemma 5.3. Assume that ±7^ > and that g'(0) > d. Then there exist real 
numbers c~ < c+ such that, for every c G £ := (— 00, c~] U [cf,+oo), equation 
X(A, c) = either (i) has exactly two real roots Ai(c) < A2(c) or (ii) has exactly 
one real root Ai (c) . Furthermore, each Xj (c) is positive if c > cj and is negative if 
c<c~. Ifce (c-,c+), then X {z,c) > for all z G (7 # ,7t)- 

Proof. See the proof of Lemma 6.1 below where it suffices to consider, instead of 
(12), the equation 

d + 2D + C2 - g'(0)e~ crz P{k)e- kz = D(e z + e~ z ). 

□ 

A formal computation shows that g(s) = 2Ds/(2D + d), 0(s) = ds/(2D + d), 
G(s) = g(s)/d. Therefore, in complete analogy with the previous subsection, The- 
orem 1.5 yields the following 
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Theorem 5.4. Let G(s) = g(s)/d has properties 1-3 listed in Lemma 1.3 and 
g{ s ) < s'(0) s f or a M s > 0. Then, for every c G £ \ {0}, the lattice equation has 
at least one semi-wavefront Uj(t) = <p c (j + ct) < C,2- The profile <j) c shares every 
property mentioned in the conclusion part of Theorem 5.1 (with f = id). 

Theorem 5.4 extends [23, Theorem 3.1], [16, Theorem 2.1], [14, Theorem 5.4] and 
[9, Theorem 4.1] for non-monotone g and asymmetric fj. 

6. Appendix. Consider ip(z,c) = z 2 — cz — q + pe~ zch J K K(s)e~ zs ds, where p > q 
and K > 0, J R K(s)ds = 1. 

Lemma 6.1. Assume that p > q > and that ip(z, c) is defined for all z from some 
maximal open interval (a,b) 3 0. Then there exist real numbers c~ < c+ such that, 
for every c G (—00,0,7] U [c+,+oo) ; equation ip(\,c) = either (i) has exactly two 
real roots Ai(c) < \%{c) or (ii) has exactly one real root \\{c). Furthermore, each 
Aj(c) G (a,b) is positive if c > c+ and is negative if c < c~ . If c G (c~,c+), then 
tp(z, c) > for all z G (a, b). 

Proof. Since tp"(z,c) > 0, z G (a, b), we conclude that i/j(z,c) is strictly convex 
with respect to z. Consequently, the equivalent equation 



has at most two real roots. Since ^(0, c) = p — q > 0, the convexity of ip guarantees 
that these roots (whenever exist) are of the same sign. Next, we have that G(0) = 
p > 0, G"(z) > 0, G(z) > 0, z G (a, b). The left hand side of (12) increases to +00 
[converges to ] at each z G (0, b) when c tends to +00 [to —00 respectively] and the 
right hand side does not depend on c. Moreover, the left hand side of (12) increases 
with respect to c at every positive point z where q + cz — 2 2 > 0. In consequence, if 
equation (12) has a positive root for some c = d , then it does have a positive root 
for each c > c'. All this implies the existence of c+ such that the equation (12) have 
either two positive roots Ai(c) < Aa(c) or a unique positive root Ai(c) if and only 
if c > c+. In fact, an easy analysis of (12) shows that the positive Ai(c) exists and 
depend continuously on c from the maximal open interval (cj, 00). 

Similarly, the left hand side of (12) increases to +00 [converges to 0] at each 
z G (a, 0) when c tends to —00 [to +00 respectively]. Moreover, the left hand side 
of (12) decreases with respect to c at every z < where q + cz — z 2 > 0. This 
implies the existence of c~ such that the equation (12) has either two negative 
roots Ai(c) < A2(c) or a unique negative root if and only if c < c~ . Again the 

negative A2(c) exists and depend continuously on c G (— 00, c~). 

The above considerations also shows that c~ and cf are finite, and c~ < c+ . □ 

Remark 4. With the unique exception (c* = —00), all conclusions of Lemma 6.1 
hold also true in the case when (a, b) = (0, b), b > 0. To prove the finiteness of c+, it 
suffices to observe that for every positive S there exists c\ < such that H{z, c) < 
for all z > 5, c < c\ and H(z,c) < p for all z G (0,(5), c < c\. A similar assertion 
(with c+ = +00 ) is valid when (a, b) = (a, 0), a < 0. 
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